For a given planar graph G with a set A of independent vertices, we provide a best-possible upper bound for the minimum cyclomatic number of connected induced subgraphs of G containing A. The extremal graphs are also characterized. @ 1998 Elsevier Science B.V.
We will consider only connected graphs, since if G is not connected and A is contained in more than one component of G, then C(A) = O.
Planar graphs
We first describe a class of graphs which will be used to characterize the extremal graphs. Let G be a planar graph, A a set of independent vertices in G, and H an induced subgraph of G such that H is minimal in C(A). If there exists a subset M of H such that M induces a maximal planar subgraph, and such that [M \A[ = [A \ M[ and H is obtained from M by adding disjoint paths from M \,4 to A \M (in particular, there is exactly one such path at each vertex of M \A; see Fig. 1 ), then we will say H E H(A, G). We will refer to such paths as the pendant paths of H. For technical reasons, we will allow M = Kl and K2.
Theorem 2.1. Let G be a planar connected simple graph. Let A be an independent set of vertices in G, and let H be a subgraph of G such that H is minimal in C(A).

Then cy(H) <~ 21AI -5 for IA[ >~ 3, and cy(H) = 0 if IAI <~ 2. Furthermore, equality holds if and only if H c •(A,G).
Proof. We will use induction on the number of vertices in H. It is easy to verify that cy(H) = 0 if [A I ~< 2. Hence let IAI ~> 3. Claim 1. We may assume no vertex in A is a cut-vertex of H.
Suppose that there exists a vertex v E A such that v is a cut-vertex of H. Then denote the components of H \ {v} by Ht,H2,...,Ilk, where k ~> 2. Let m ~< k be the number 
~< 21AI-Zk-Z~<ZlA 1-6 < 21A I-5. 
But by Claim 2 we have that
Therefore, is contained in H(A, G). We may assume H is embedded in the plane. A face of M is usually a connected component of N2 \ M, but here we interpret a face to be its closure in R2. Take an H-bridge B of G. Since G is planar, all attachments of B are in a common face of M. We may assume that B has all attachments in the infinite face of M. Denote the vertices in the infinite face of M by /:1,/)2, v3. Since each face of M contains at most three vertices in M \ A, we have at most three pendant paths from {vl, v2, v3} to vertices in A \M. Denote the pendant path from vi E M to ai ~ A \M by Pi, l ~ i ~< 3 (vi, ai C Pi). Then every attachment of B is contained in some /9 i, 1 <~ i ~< 3. Suppose B has attachments on at least two of these paths. We show then that all attachments of B must be contained in {vl,v2, v3}. Note that if a maximal planar graph contains at least four vertices, then it is 3-connected.
cy(H) ---cy(M) <~
Case 1: B has attachments on exactly two paths, say P1 and P2.
Suppose that B has an attachment ul on PI such that ul ¢ Vl and ul is closest to al on P1 (ul = al is possible). Denote by Q a shortest path from ul to P2 through B such that every vertex of Q is in B except its ends, and let bl be the last vertex Case 2: B has attachments on all three paths Pi, i = 1,2,3.
As in Case 1, let ul :~ vl be the closest vertex on P1 to al attached to B. Assume first that B has an attachment u3 ¢ v3 on P3 such that u3P3a3 is shortest. Let Qi be a path from ul to 1°2 and Q2 a path from u3 to Ql such that every vertex of Q1 and Q2 except possibly their ends is in B. We select Qi and Q2 so that Ql is shortest and subject to this, Q2 is shortest. Suppose that QI A Q2 = {b}, where b E B. Now let H' This is a special case of the following: characterize G with an induced tree containing a given independent set. We believe it could be a difficult problem.
Bipartite planar graphs
Let G be a bipartite planar graph and let A be an independent set of vertices in G. Define ~¢t~(A, G) in the same manner as we defined H(A, G) above, with the exception that M is a maximal bipartite planar graph. Some extremal graphs G, where every H C G such that H is minimal in C(A) has cy(H) = [AI -3, can also be described as in Section 2, letting A be an independent set of vertices of G and M a maximal bipartite planar subgraph of H. The proof differs slightly, as every face of M is a quadrangle since M is a maximal bipartite graph. Thus, every H-bridge of G with no attachments in H \ M can have at most four attachments in M. In addition, each bridge must be constructed so that G remains a bipartite graph.
